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Two-boson exchange (TBE) correction in νn → l−p and ν¯p → l+n reactions is estimated. The TBE con-
tribution is given by Wγ box diagrams. The calculations are performed for 1 GeV neutrinos and for the
MiniBooNE and the T2K energy spectra. The TBE correction to the total cross section is of the order of
2–4% (with respect to the Born contribution) in the case of νe and ν¯e and 1–2% in the case of νμ and ν¯μ.
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One of the goals of the particle physics is to understand the
fundamental properties of neutrinos. Remarkable effort has been
made to measure the θ13 parameter. The next step is to investi-
gate the CP violation. It can be done by analyzing the νμ → νe ,
ν¯μ → ν¯e , νe → νμ and ν¯e → ν¯μ oscillation processes. Therefore a
detailed estimate of the differences between the cross sections for
νμ– and νe–nucleon and νμ– and νe–nuclei interactions is of im-
portance [1]. The electrons, because me  mμ , have tendency to
radiate more than the muons. Hence one may expect that the ra-
diative corrections (RCs) for the charged current (CC) νe–nucleon
scattering are signiﬁcantly larger than those for the νμ–nucleon
interactions.
In the long baseline experiments, like T2K [2] or NOνA [3],
with the accelerator source of νμ , the charged current quasi-elastic
(CCQE) neutrino–nucleus scattering, ν+ A[N, Z ] → l−+(A−1)[N−
1, Z ] + p is the dominant process (A = N + Z , N and Z de-
notes number of neutrons and protons in the nucleus respectively).
The typical neutrino energy of long baseline experiments is about
1 GeV, while the relevant four-momentum transfer Q 2 < 1 GeV2.
The RCs has been not accounted for in any Monte Carlo gen-
erator used to perform the data analysis [1]. In the case of muon
neutrinos the RCs are expected to be a small and they stand neg-
ligible fraction of other systematic uncertainties characterizing the
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SCOAP3.cross section measurement (reconstruction of the neutrino energy,
imprecision of the theoretical models for a ν–nuclei scattering, de-
tector effects).
There is no systematic discussion and calculations of the RCs
for the CCQE processes for neutrinos of the energy of about 1 GeV.
In this paper we present the estimate of the two-boson exchange
(TBE) correction. It is a part of the RCs. We neglect the nuclear ef-
fects and consider the interaction between neutrino (antineutrino)
and the free nucleon. Hence in the rest of the paper the acronym
CCQE will refer to the reactions
νl(k) + n(p) → l−
(
k′
)+ p(p′), (1)
ν¯l(k) + p(p) → l+
(
k′
)+ n(p′), l = e,μ. (2)
Recently the TBE effect has been extensively investigated in the
elastic ep scattering. Activity in this topic was induced by ob-
serving the discrepancy between the measurements of the form
factor ratio GpE/G
p
M (G
p
E,M is the electric, magnetic proton form fac-
tor) obtained within two different experimental methods. The ﬁrst
method is based on the Rosenbluth separation. The other is based
on the so-called polarization transfer (PT) measurements [4]. In
the elastic ep scattering the leading TBE contribution (called let-
ter two-photon exchange (TPE)) is given by the interference of the
Born amplitude with the γ γ box diagrams, which describe an ex-
change of two virtual photons between the electron and the target.
In the standard treatment of the RCs to the ep scattering [5] the
TPE correction was computed in an approximation, in which theunder the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
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hard photon contribution, induced by the internal proton structure,
was neglected. Inclusion this additional correction into the Rosen-
bluth analysis allows to solve partially the problem of inconsis-
tency between Rosenbluth and PT GE/GM ratio data [6,7].
In the case of neutrino interactions the RCs have been stud-
ied for β and μ decays and also for the CCQE neutrino–deuteron
interaction but only near the threshold [8,9]. The RCs were also es-
timated for the deep inelastic (DIS) ν–nucleon scattering [10–13].
The difference between νe and νμ CCQE cross sections induced
by the RCs was discussed in Ref. [1]. In this paper the lepton leg
correction formula, obtained within the leading log approximation
[13], was adopted. It describes the soft and hard photon emission
by the charged lepton leg and it does not include the TBE contri-
bution.
The higher order corrections to electroweak neutrino–quark in-
teraction can be computed within the Standard Model (SM) [11].
We recall that the electroweak interactions are described by the
SU(2)×U (1) gauge theory (for pedagogical introduction see Chap-
ters 9, 11 and 12 of [14]). However, in the discussed case the neu-
trinos interact with quarks conﬁned in the nucleon in the low Q 2
range. Hence to take into consideration the nucleon structure ef-
fects, important in the case of TBE effect, an effective hadronic
model must be used. It introduces into the calculations a model-
dependence.
In the simplest approach the TBE effect is described by the
contributions from two box Wγ diagrams (Fig. 1). They describe
the corrections coming from the interaction of the charged lep-
ton with the proton. We assume that the hadronic intermediate
state in the box diagrams is the off-shell nucleon. Off-shell elec-
troweak hadronic vertices are replaced by the on-shell ones. Their
electroweak structure is motivated by the symmetries as well as
it constrained by the conserved vector current (CVC) and partially
conserved axial current (PCAC) hypotheses [15]. Similar approach
was used to calculate the TBE effect in elastic ep scattering (given
by γ γ [16] and γ Z0 [17] box contributions). A part of the inner
radiative correction to the β decay was obtained in the similar ap-
proximation [9,18] as well. This approach works reasonably in ep
scattering in the low and the intermediate Q 2 range [19,21]. It
is the kinematical domain that is relevant for the CCQE scattering
with about 1 GeV neutrinos.
In our previous paper [21] we calculated the TPE correction for
elastic ep scattering. In this paper we consider the same method-
ology (algebraical and numerical algorithms) to compute Wγ box
contribution for the CCQE scattering. We will show that TBE cor-
rections for ν–nucleon interactions are sizeable and they are com-
parable with TPE effect in elastic ep scattering.
2. Formalism
A Born amplitude for the reaction (1) has a form
iMBorn = i g
2 cos θC
8(q2 − M2W )
jμh
μ, (3)
where θC = 13.04◦ is Cabbibo angle, g = e/ sin θW is the weak
coupling constant, sin2 θW = 0.2312, e2 = 4πα, α = 1/137, MW =80.3 GeV is the boson W± mass. The four-momentum transfer is
deﬁned as qμ = p′μ − pμ , then, Q 2 ≡ −q2. By E we denote the
neutrino energy.
We introduce the leptonic jμ = u¯(k′)γμ(1 − γ5)u(k) and the
hadronic hμ(q) = u¯(p′)Γ μcc u(p) one-body currents. The electroweak
nucleon on-shell vertex depends on four form factors [15]
Γ
μ
cc (q) = Γ μV (q) − γμγ5F A(q) −
qμγ5
2M
FP (q), (4)
where the vector vertex, after applying the CVC hypothesis, reads
Γ
μ
V = Γ μp (q) − Γ μn (q); Γ μp,n(q) is the electromagnetic proton, neu-
tron vertex. M is the averaged nucleon mass, Mp,(n) is the pro-
ton (neutron) mass. F A and F P are the axial form factors, which
can be related to each other (PCAC hypothesis), namely F P (q) =
4M2F A(q)/(m2π − q2), where mπ is the pion mass. We assume
that F A(q) = gA/(1+ Q 2/M2A)2, where gA = 1.267, MA is an axial
mass, and as a default value we take MA = 1 GeV.
The proton (neutron) electromagnetic vertex is
Γ
μ
p,n(q) = γ μF p,n1 (q) +
iσμνqν
2Mp,n
F p,n2 (q), (5)
where F p(n)1,2 is the proton (neutron) electromagnetic form factor. It
is convenient to use the electric and the magnetic proton (neutron)
form factors,
F p,n1 =
1
(1+ τp,n)
(
Gp,nE + τp,nGp,nM
)
,
F p,n2 =
1
(1+ τp,n)
(
Gp,nM − Gp,nE
)
, τp,n = Q
2
4M2p,n
.
We consider a dipole parametrization of the electric and the mag-
netic form factors, namely, GpE (Q
2) = Gp,nM (Q 2)/μp,n = Λ4/(Q 2 +
Λ2)2, where Λ = 0.84 GeV is the cut-off parameter. The electric
neutron form factor is assumed to be zero (GnE (Q
2) = 0).
The TBE correction is given by the interference of the Born
with two Wγ amplitudes. The hadronic intermediate state is the
off-shell nucleon. In this paper we do not discuss the inelastic
TBE contribution given by the diagrams with resonances as the
hadronic intermediate states. In the ﬁrst approximation this cor-
rection can be neglected. It was demonstrated that in the elastic
ep scattering this contribution is small in the Q 2 range relevant
for neutrino reactions [20] (see also Fig. 8 of Ref. [21]).
The TBE box amplitudes are denoted by i‖ = −cos θC e2g2 ×
I‖W+γ /8 (Fig. 1a) and i× = −cos θC e2g2 I×W+γ /8 (Fig. 1b), where
I‖ =
∫
d4l
(2π)4
lμνhαβ‖ S
γ
μα(l)S
W
νβ(l + q)
D(p′,Mp)
, (6)
I× =
∫
d4l
(2π)4
lμνhαβ× S
γ
μα(l)S
W
νβ(l + q)
D(−p,Mn) , (7)
lμν = u¯(k′)γ μ(kˆ′ − lˆ +m)γ ν(1− γ5)u(k),
h‖μν = u¯
(
p′
)
Γ
p
μ(−l)
(
pˆ′ + lˆ + Mp
)
Γ ccν (q + l)u(p),
h×μν = u¯
(
p′
)
Γ ccν (q + l)(pˆ − lˆ + Mn)Γ nμ(−l)u(p),
pˆ ≡ pμγμ; D(x,Mx) = [(q+ l)2 −M2W + i][l2 + i][(k′ − l)2 −m2 +
i][(x+ l)2 −M2x + i], m denotes the lepton mass. The photon and
W -boson propagators (in SU(2)×U (1) gauge model [14]) take the
form
Sγμν(l) = gμν + (ξγ − 1)lμlν/l
2
l2 + i (8)
and
K.M. Graczyk / Physics Letters B 732 (2014) 315–319 317SWμν(l) =
gμν + lμlν/M2W
l2 − M2W + i
(9)
+ lμlν/M
2
W
l2 − ξW M2W
. (10)
The ξγ and ξW are the gauge ﬁxing parameters. The calculations
have been done in the physical gauge (ξγ = 1, ξW → ∞). It is a
combination of the Feynman and unitary gauges [22].
The TBE correction to spin-averaged cross section is given by
the interference of the Born and TBE box amplitudes, namely,
TBE = Re
∑
spin
M∗Born
(‖ +×), (11)
and it can be written as
TBE = g
4e2K cos2 θC
64(M2W − q2)
, (12)
where
K= Im
∑
spin
(
jαh
α
)∗(
I‖ + I×)∼
∫
d4l
N
D
. (13)
The above expression is the one-loop integral with complicated
structure. The numerator N is a polynomial, which depends on
four independent Lorentz scalars: l2, l · p′ , l · k′ and l · q. Denom-
inator D can be of the order of at most l8 (because of the form
factors). In practice K has been expressed as a combination of
scalar one-loop integrals [23] and then calculated numerically (see
Appendix A of Ref. [21]). The calculations are performed with the
help of FeynCalc package [24] and LoopTool library [25].
The presence of the form factors in the nucleon vertices makes
both box amplitudes ultraviolet ﬁnite (UV). But the amplitude i‖
is infrared (IR) divergent. To extract the hard photon contribution
from this amplitude we subtract its IR divergent part calculated
in the soft photon approximation. The soft photon contribution is
obtained by setting l = 0 in the numerator of ‖ and keeping the
leading divergent terms in denominator. This contribution does not
depend on the form factors. Indeed,
TBE
(‖, soft)= −4k′ · p′e2|MBorn|2 ImC0,
where
C0 =
∫
d4l
(2π)4
1
l2((k′ − l)2 −m2)((p′ + l)2 − M2p)
. (14)
To deal with the IR divergences, the photon mass μ is introduced
1/l2 → 1/(l2 − μ2).
Eventually we deﬁne the TBE correction as the fraction,
δTBE = TBE − TBE(‖, soft)1
2
∑
spin |MBorn|2
, (15)
where dσBorn+TBE = dσBorn(1+ δTBE).
3. Results and discussion
3.1. Model-dependence of TBE
There are several sources of the model-dependence of the esti-
mate of the TBE effect.
First is the choice of the regularization scheme used to extract
the hard-photon contribution. We consider one of the simplest and
straightforward procedures. Indeed the TBE correction is given by
the difference between “full” and soft photon contributions. The
latter has relatively simple analytical form [23]. Therefore one canFig. 2. TBE effect for νμn → μ−p, E = 1 GeV computed in ’t Hooft–Feynman and
physical gauges (the curves coincide). The gauge corrections to the TBE contribution
generated by gauge-dependent part of the W propagator (Eq. (10)), calculated for
several values of ξW are also plotted.
Fig. 3. δTBE (Eq. (15)) computed for νen → e−p (bottom), ν¯e p → e+n (top) reactions.
In the top panel the TPE corrections (lower set of curves) for e−p → e−p scattering
are also presented. The values of neutrino antineutrino and electron energies are in
units of GeV.
easily compare the results of this paper with the other, which will
be obtained within different regularization scenarios. For the ref-
erence, in Fig. 3 (top panel), we plot the TBE (Eq. (15)) and the
TPE corrections, calculated in the same regularization scheme. It is
interesting to notice that the Q 2 dependence of the TPE and TBE
corrections is very similar but in the case of the ep scattering it is
negative in the wide Q 2 range.
Another problem, which must be mentioned is the fact that
gauge-invariance of the TBE amplitudes is not explicitly obeyed. In
the case of the TPE effect in the elastic ep scattering it is easy to
show that the sum of direct and box diagrams is gauge invariant.
In the CCQE reactions the electric charge ﬂows from the leptonic to
the hadronic lines. As the result the TBE correction (as deﬁned in
Eq. (15)) depends on the gauge choice. However, this dependence
turns out to be small. Indeed the gauge-dependence induced by
the photon propagator is suppressed by the soft photon contribu-
tion (see Eq. (15)), while the gauge-dependence of TBE amplitude
caused by the boson W propagator (contribution (10)) is also neg-
ligible in the discussed kinematical region. It is illustrated in Fig. 2,
where we plot the δTBE calculated in the physical and ’t Hooft–
Feynman gauges (the δTBE corrections are the same in both cases).
Additionally we plot the corrections to the δTBE generated by the
gauge-dependent part of the W propagator (Eq. (10)) calculated
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panel) and the vector mass Λ (bottom panel). Plots obtained for νen → e−p reac-
tion. The values of neutrino energies and MA and Λ are in units of GeV.
for several values of ξW . We see that these corrections are negligi-
ble.
Although the TBE effect depends weakly on the gauge choice to
remove this dependence the contribution from the other contribu-
tions allowed by the gauge symmetry should be considered. But in
the latter case the gauge-dependence does not necessarily have to
be small.
Eventually we remark that, similarly as in the case of the TPE
effect [6], the δTBE depends weakly on the hadronic model pa-
rameters. It is shown in Figs. 4 and 5, where we plot the TBE
contribution computed for several values of MA and Λ as well as
for the electromagnetic form factors with the GEp modiﬁed in or-
der to agree with the PT measurements [26],
GpE
(
Q 2
)= (−0.130 Q 2 + 1.002)GpM(Q 2)/μp . (16)
3.2. Numerical results and summary
In Figs. 3 and 6 we plot the δTBE calculated for several neutrino
(antineutrino) energies. It is a monotonic function of Q 2 and it is
the largest for low values of Q 2. It can be seen that for ν¯–proton
reaction the effect is systematically larger than for ν–neutron scat-
tering.
As mentioned in the introduction, the precise estimate of the
relative difference between νe and νμ cross sections is important
to take into account in the future neutrino oscillation data analysis.
The difference induced by the TBE effect is shown in Fig. 5, where
we plot the quantity,
R= dσ
νe
Born + dσνeTBE
dσ
νμ
Born + dσ
νμ
TBE
dσ
νμ
Born
dσνeBorn
− 1. (17)
The TBE correction to the total cross section is of the order of
2% and 4% for νe and ν¯e respectively. In the case of the νμ the TBE
effect is negligible, while for ν¯μ it increases the total cross section
by about 2% (see Fig. 7).
In the typical long baseline experiments the energy of neutri-
nos in the beam is characterized by wide energy spectrum Φ(E).
In Fig. 8 we plot the TBE correction computed using the energy
spectra of the MiniBooNE [27] and T2K experiments. It turns out
that the TBE effects for both experiments are very similar. HenceFig. 5. Top panel: ratio (17) calculated for E = 1 GeV. Bottom panel: δTBE computed
for νen → e−p reaction with taking into account the dipole electromagnetic form
factors and the GpE modiﬁed (Eq. (16)) to agree with the PT data. The neutrino
energies are in units of GeV.
Fig. 6. δTBE (Eq. (15)) computed for νμn → μ−p (bottom), ν¯μp → μ+n (top) reac-
tions. The values of neutrino (antineutrino) energies are in units of GeV.
Fig. 7. The δTBE correction to the total cross section.
K.M. Graczyk / Physics Letters B 732 (2014) 315–319 319Fig. 8. δTBE computed for the MiniBooNE and the T2K νμ energy spectra.
for the MiniBooNE we plot the δTBE computed for νμ , while in the
case of T2K experiment for νe . But in later the νμ energy spectrum
is also used.
As it has been mentioned our estimate of the TBE effect de-
pends weakly on the gauge choice. It complicates the direct ap-
plication of the results of this paper to the experimental analysis.
The TBE contribution should be supplemented by the full set of
diagrams, allowed by the gauge invariance. Notice also that the
RCs renormalize the tree-level values of the parameters of the SM
(such as weak mixing angle) [12,28].
To summarize, we have discussed the TBE effect in the CCQE
ν–nucleon scattering. The TBE correction is two times larger for νe
than for νμ interactions. The relative difference between the TBE
correction to νe and νμ cross sections is of the order of 2%.
Eventually let us notice that the systematic differences between
νe and νμ cross sections will be critically veriﬁed by NuSTORM
experiment [29], dedicated to the precise studies of the νe and νμ
scattering off nucleon and nuclei.
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